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Figure 1: Equivariant convolutions require two ingredients: a frame operator and a density operator. Filters assign weights based
on the relative positions of points and the frame operator 𝔗 corrects for the deformation of the local “tangent space” under a
Möbius transformation 𝑔. Similarly, the density operator 𝜌 adjusts for the change in the area measure used for integration,
proportional to the conformal scale factor 𝜆2

𝑔 .

ABSTRACT
Möbius transformations play an important role in both geometry

and spherical image processing – they are the group of conformal

automorphisms of 2D surfaces and the spherical equivalent of ho-

mographies. Here we present a novel, Möbius-equivariant spherical

convolution operator which we call Möbius convolution; with it,

we develop the foundations for Möbius-equivariant spherical CNNs.

Our approach is based on the following observation: to achieve

equivariance, we only need to consider the lower-dimensional sub-

groupwhich transforms the positions of points as seen in the frames

of their neighbors. To efficiently compute Möbius convolutions at

scale we derive an approximation of the action of the transforma-

tions on spherical filters, allowing us to compute our convolutions

in the spectral domain with the fast Spherical Harmonic Trans-

form. The resulting framework is flexible and descriptive, and we

demonstrate its utility by achieving promising results in both shape

classification and image segmentation tasks.

CCS CONCEPTS
• Computing methodologies→ Neural networks; Shape analy-
sis; Image processing.

KEYWORDS
Neural networks, Group equivariance, Möbius transformations,

Conformal transformations, Convolution

1 INTRODUCTION
Convolutional neural networks (CNNs) are effective because con-
volution responds to a contextualized window, forcing the learning

to be translation-equivariant. However, vanilla CNNs assume a fixed

coordinate frame and lose effectiveness in the presence of deforma-

tions that change the frame. This has lead to the development of

more general notions of convolution equivariant to transformation

groups including rotations [Cohen and Welling 2016; Worrall et al.

2017] and dilations [Finzi et al. 2020; Sosnovik et al. 2019; Worrall

and Welling 2019]. Critically, the notion of rotation-equivariance

has facilitated the generalization of CNNs to domains without a

canonical orientation at each point such as the sphere [Cohen et al.

2019b, 2018; Esteves et al. 2020] and arbitrary surfaces [de Haan

et al. 2020; Mitchel et al. 2021; Wiersma et al. 2020]. The resulting

networks are isometry-equivariant – able to repeatably characterize

local features in the presence of distance-preserving transforma-

tions – and have excelled in fundamental geometry processing tasks

such as shape classification, segmentation, and correspondence.

Despite their success, rotation- and isometry-equivariant CNNs

can fail to achieve adequate performance in the presence of the

kinds of complex deformations commonly found in real-world im-

age and shape data [Mitchel et al. 2021]. Such deformations may po-

tentially be better modeled by higher-dimensional transformation

groups. For example, homographies (projective transformations)
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better approximate changes in camera viewpoints than similari-

ties (rotations and dilations) [Hartley and Zisserman 2003] and,

for spherical images, can be represented using conformal trans-

formations [El Mir et al. 2014; Schleimer and Segerman 2016]. For

geometry processing, conformal (angle-preserving) transforma-

tions encompass a broader class of deformations than isometries

that still preserve the sense of “shape". [Crane et al. 2011; Gu et al.

2004; Lévy et al. 2002].

We present a novel spherical convolution operator, equivari-

ant to Möbius transformations, which we call Möbius convolution
(MC). Using this operator, we develop the foundations for Möbius-
equivariant spherical CNNs. Our convolutions are flexible, and we

demonstrate the utility of our Möbius-equivariant CNNs by achiev-

ing promising results on standard benchmarks in both genus-zero

shape classification and spherical image segmentation.

Our approach is based on a key observation: while the Möbius

group is six-dimensional, its action on the characterization of the

position of a point relative to its neighbor can be described by

a four-dimensional subgroup. By defining an equivariant frame

operator (Figure 1, left) at each point with which we align the

filter, we correct for the change in the relative positions induced

by this subgroup. To compute convolutions, input features are

mapped to a density distribution (Figure 1, right), controlling for

the change in area measure, and integrated against the aligned

filters over the sphere, rather than the group itself. To facilitate

efficient evaluations, we parameterize filters using log-polar basis

functions from which we derive an approximation of the action of

the frames, allowing us to compute our convolutions via the Fast

Spherical Harmonic Transform [Driscoll and Healy 1994; Kostelec

and Rockmore 2008]. Our implementation is publicly available at

github.com/twmitchel/MobiusConv.

2 RELATEDWORK
Group-equivariant CNNs were first introduced by [Cohen and

Welling 2016; Cohen et al. 2019a], wherein kernels are parame-

terized in terms of equivariant basis functions on the group itself.
Convolution is performed by lifting features from the domain and

searching over all possible transformations of the kernels. This

becomes intractable for non-compact groups where the domains

of integration are unbounded and the representations are infinite-

dimensional, though recent work by [Finzi et al. 2020] mitigates

these problems by considering only the origin-preserving sub-

groups and integrating with respect to an equivariant Monte Carlo

estimator to facilitate evaluations. This approach is flexible, and has

since been extended to handle general affine transformations and

homographies [MacDonald et al. 2021]. In tandem, several fully-
connected networks have been developed that achieve equivariance

to non-compact transformation groups including the Lorentz group

[Bogatskiy et al. 2020], the Poincaré group [Villar et al. 2021], and

the symplectic group [Finzi et al. 2021] – all closely related to

Möbius transformations.

Equivariant CNNs that integrate over the domain on which the

group acts generally parameterize kernels in terms of basis func-

tions that rotate or dilate with the local coordinate system [Sosnovik

et al. 2019; Weiler and Cesa 2019; Worrall et al. 2017; Worrall and

Welling 2019]. This approach has been extended to volumetric do-

mains [Weiler and Cesa 2019], point clouds [Qi et al. 2017], and

canonical domains such as the sphere [Cohen et al. 2018; Esteves

et al. 2020]. However, finite-dimensional equivariant bases often

don’t exist for non-commutative and non-compact transformation

groups of interest, precluding generalizations to groups that act

projectively.

Equivariance is a necessary condition for the transposition of

convolutional frameworks to domains without canonical coordinate

systems such as arbitrary 2D surfaces. Existing surface networks

can be broadly categorized into several emerging paradigms: Rep-
resentational methods [Hanocka et al. 2019; Lahav and Tal 2020]

exploit the ubiquitous representation of surfaces as triangle meshes

to form operators equivariant to local similarities; Diffusive ap-

proaches [Sharp et al. 2020; Smirnov and Solomon 2021; Yi et al.

2017] formulate convolution in terms of spectral kernels and accel-

erate computations in a low-frequency eigenbasis; and Transporting
networks [Mitchel et al. 2021; Wiersma et al. 2020] propagate tan-

gent vector features that transform with local coordinate systems.

Despite their success in a variety of tasks, existing surface networks

are only repeatable up to isometries, an we believe our approach to

be the first surface network equivariant to conformal transforma-

tions.

3 METHOD OVERVIEW
Our method is based on a powerful observation: instead of dealing

with the six-dimensional group of Möbius transformations, we only

need to consider a four-dimensional subgroup. We first review the

action of Möbius transformations on the sphere, and define a notion

of relative positions between points analogous to the logarithm

map on surfaces, and show how the latter transforms under the

former.

We then introduceMöbius convolutions, which provide amethod

for Möbius-equivariant spatial aggregations on the sphere. Möbius

convolutions are part of the extended convolution framework [Mitchel

et al. 2020a] which allows filters to adaptively transform as they

shift over a manifold by defining an equivariant frame at each point.

This framework forms the basis for recently proposed state-of-the

art surface descriptors [Mitchel et al. 2020b] and CNNs [Mitchel

et al. 2021]. We facilitate an efficient discretization by parameter-

izing filters using log-polar basis functions from which we derive

a linearized approximation of the action of the frames, allowing

us to compute our convolutions via the fast spherical harmonic

transform [Driscoll and Healy 1994; Kostelec and Rockmore 2008].

We complete the foundations for Möbius-equivariant CNNs by

introducing a conformally-equivariant normalization layer based

on filter response normalization [Singh and Krishnan 2020] and

we validate equivariance by direct experimental evaluation. The

principle module in applications is a simple Möbius convolution

ResNet (MCResNet) block [He et al. 2016], which is self-contained

and flexible. We demonstrate the utility of our framework by achiev-

ing promising results on standard benchmarks in both genus-zero

shape classification and spherical image segmentation.

https://github.com/twmitchel/MobiusConv
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4 MÖBIUS TRANSFORMATIONS
Möbius transformations can be understood by associating the two-
sphere with theRiemann sphere, bC = C[ f1g , via the stereographic
projection taking the north pole to the origin. Möbius transforma-
tions are described by the action ofSL¹2•C), the group of matrices
in C2� 2 with unit determinant, onbC by fractional linear transfor-
mations. That is, for any6 =

� 0 1
2 3

�
2 SL¹2•Cº andI 2 bC,

6I �
0I ¸ 1
2I ¸ 3

” (1)

4.1 Generalizing the logarithm and exponential
maps

To parameterize the sphere about a pointI 2 bC, we borrow the
notion of the exponential and logarithm maps from Riemannian
geometry, de�ning thegeneralized logarithmof I as a rotation
logI 2 SU¹2º taking I to the origin,

logI �
1

j2j
p

1 ¸ j I j2

�
2 � 2I
�2�I �2

�
(2)

with 2 =
p

�I . (Though any choice of2gives a rotation takingI to the
origin, the above choice ensures that the great circle going through
the origin andI is mapped to the real line, enabling the use of the
fast Spherical Harmonic Transform in the implementation of Ÿ6.)

Then, for any point~ 2 bC, we can express the �position" of~ in
the frame ofI aslogI ~ 2 bC. By analogy to Riemmannian geometry,
the generalized logarithm mapsbC to the �tangent space" atI . We
make this explicit by denoting the image of the logarithm map atI
asbCI :

logI : bC ! bCI

though formallybC andbCI are the same space � the Riemann sphere.
Similarly, we de�ne thegeneralized exponentialof I as the inverse
of the generalized logarithm,expI � log� 1

I : bCI ! bC.

4.2 Action of the origin-preserving subgroup
We will think of convolution �lters as functions de�ned on a canon-
ical �tangent space� describing the weight with which a point con-
tributes to its neighbor in terms of the position of the neighbor in
the frame of that point. To design our network, we need to de�ne a
Möbius-equivariant convolution operator. To this end we need to
understand how the position of a point in the frame of its neighbor
changes under the action of Möbius transformations.

Describing the transformation from one coordinate frame to
the other is straight-forward: Beginning inbCI , we 1). Map tobC by
applyingexpI ; 2). TransformbC by6; and 3). Map back tobC6I using
log6I . Composing these give the Möbius transformation,

� 6
I � log6I � 6 � expI : bCI ! bC6I 2 SL¹2•Cº• (3)

with the notation chosen to re�ect dependence on bothI and6.
From Equation (3) and the de�nitions of the generalized loga-

rithm and exponential,� 6
I must belong to the origin-preserving

subgroupL � SL¹2•Cº, consisting of the lower-triangular elements
of SL¹2•C). This follows from the facts thatI maps to6I under the
action of6 and that bothI and6I are the origin in their respec-
tive tangent spaces. This simple but critical observation implies

that in de�ning equivariant convolution, we only need to consider
the four-dimensional origin-preserving subgroup, not the full, six-
dimensional group of Möbius transformations.

5 MÖBIUS CONVOLUTION
As in [Mitchel et al. 2020a] we implement convolution by shifting a
�lter over the domain, aligning the shifted �lter using a frame �eld,
and distributing the values of a density function to neighboring
points, with distribution weights given by the aligned �lter.

Rather than have the user provide the transformation �eld and
density directly, our framework derives these from an input signal
in such a way so as to ensure the ensuant convolution is Möbius-
equivariant. Speci�cally, we construct aframe operatorT andden-
sity operatord that take in a real-valued function onbC and return a
lower-triangular frame �eld and a real-valued density �eld, respec-
tively,

T : ! 2¹bC•Rº ! ! 2¹bC• Lº

k 7! Tk
and

d : ! 2¹bC•Rº ! ! 2¹bC•Rº

k 7! dk
(4)

Given a Möbius transformation6 2 SL¹2•Cº and a point on the
Riemann sphere,I 2 bC, the frame operator corrects for the deforma-
tion of the tangent space resulting from6, as characterized by the
origin-preserving transformation� 6

I from Equation (3) (Figure 1,
left). Similarly, the density operator adjusts for the change in the
area measure used for integration, given by the conformal scale
factor_2

6¹I º (Figure 1, right).
Given operatorsT andd, the Möbius convolution of a function

k with with a �lter 5, both in ! 2¹bC•Rº, can formally be expressed
as the function in! 2¹bC•Rº with

¹k � 5º¹~º =
¹

bC
dk ¹I º

�
Tk ¹I º 5

� �
logI ~

�
3I• (5)

whereTk ¹I º 5 � 5 �
�
Tk ¹I º

� � 1 denotes the standard action of
Möbius transformations on5 by left shifts.

That is, to get the value at a point~ 2 bC, we 1). Iterate over
all neighborsI ; 2). Compute the position of~ in the frame atI ;
3). Evaluate the �lter at that point; and 4). Accumulate the density
at I weighted by the �lter value. Following [Mitchel et al. 2020a],
instead of aggregating features with respect to a single frame at each
point, the in�uence of each frame is spread across the neighbors,
making the construction robust to noise and other nuisance factors
a�ecting the stability of the frame �eld.

5.1 Equivariance
Following the above discussion,T andd must satisfy certain condi-
tions to ensure that Möbius convolutions are Möbius-equivariant;
i.e.that for any functionk , �lter 5, and Möbius transformation6,
Möbius convolution commutes with the action of6 by left shifts,

6 ¹k � 5º = ¹6k � 5º” (6)

A su�cient condition for the equation to hold is if for allk 2
! 2¹bC•Rº and6 2 SL¹2•Cº, the operatorsT andd satisfy

� 6
I Tk ¹I º = T6k ¹6I º and _� 2

6 ¹I º dk ¹I º = d6k ¹6I º• (7)

for all I 2 bC. The condition forT follows from Equation (3), and
that on d comes from the change of variables in the integral of
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